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1 TransformationsTheorem 1 Proving Termination: If 4 is a well-founded partial order on some set � and t is aterm giving values in � and t0 is a variable whi
h does not o

ur in S then if8t0: ((P ^ t 4 t0))WP(S[fP ^ t � t0g=X℄; true)) (1)then P)WP(pro
 X � S:; true).Theorem 2 If 4 is a well-founded partial order on some set � and t is a term giving values in �and t0 is a variable whi
h does not o

ur in S then if8t0: ((P ^ t 4 t0)) S0 � S[fP ^ t � t0g; S0=X℄) (2)then P) S0 � pro
 X � S.Theorem 3 If � ` S1 � S and � ` S2 � S then � ` join S1 t S2 nioj � S.
2 An Example of an Algorithm DerivationIn this se
tion we sket
h the derivation of a version of Hoare's Qui
ksort algorithm [3℄. Thisillustrates the use of the join 
onstru
t in writing 
on
ise abstra
t spe
i�
ations whi
h 
an betransformed into e�
ient algorithms. It also illustrates the appli
ation of the theorem on re
ursiveimplementation of statements (Theorem 2) and the re�nement rules.2.1 NotationWe use a : : b to represent the sequen
e of integers from a to b in
lusive. If A is an array thenA[a : : b℄ represents the sequen
e of array elements A[a℄ to A[b℄ in
lusive. On the left hand side of anassignment it indi
ates that A takes on a new value with only those elements 
hanged. If m is lessthan every element of A[a : : b℄ we write m < A[a : : b℄. Similarly if ea
h element of A[a0 : : b0℄ is lessthan every element of A[a : : b℄ we write A[a0 : : b0℄ < A[a : : b℄. The array A is sorted if ea
h elementis less than or equal to the next ie:sorted(A[a : : b℄) =DF 8a 6 i < b:A[i℄ 6 A[i+ 1℄An array A is a permutation of A0 if they 
ontain the same elements in a di�erent order, ie:perm(A[a : : b℄; A0[a : : b℄) =DF 9� : a : : b ! a : : b:8a 6 i 6 b:A[i℄ = A0[�(i)℄
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2.2 The Spe
i�
ationWith this notation the spe
i�
ation of a sorting program is simple. We want a program whi
h leavesarray A sorted and whi
h a
hieves this end by 
arrying out a permutation of the elements of thearray. Thus the spe
i�
ation of a program whi
h sorts A[a : : b℄ may be written:SORT(a; b) =DF join SORTED(a; b) t PERM(a; b) niojwhereSORTED(a; b) =DF hA[a : : b℄i=hi:sorted(A[a : : b℄)andPERM(a; b) =DF A[a : : b℄ := A0[a : : b℄:perm(A[a : : b℄; A0[a : : b℄)This 
on
isely expresses what a sorting algorithm is to a
hieve without being biased to anyparti
ular implementation (the dire
t translation: �try every possible sorted array until one is foundwhi
h is a permutation of the original� 
annot be regarded as an algorithm�parti
ularly if the setof possible element values is in�nite!). An important thing to note about this spe
i�
ation is thatTheorem 3 provides a simple way to test the 
orre
tness of a possible implementation: test that itre�nes both 
omponents of the join.So one way (not ne
essarily the 
learest!) to write a program to sort the array A[a : : b℄ whereb > a is:SORT(a; b) � join for i := a to b step 1 dohji=hi:(a 6 j 6 n);hA[i℄; A[j℄i := hA[j℄; A[i℄i od Swap A[j℄ and A[i℄t hxi=hi:true; Pi
k any value for xA[a℄ := x;for i := a+ 1 to b step 1 dohxi=hi:(x > A[i� 1℄); Pi
k a value bigger than A[i� 1℄A[i℄ := x od nioj.2.3 Qui
ksortThe Qui
ksort algorithm was des
ribed by Hoare in [3℄. The basi
 idea is to divide the array into two
omponents whi
h 
an be sorted separately resulting in a sorted array. Thus we have the followingoutline:QSORT(a; b) = begin p :hA[a : : b℄; pi := hA0[a : : b℄; p0i:Q;SORT(a; p� 1); SORT(p+ 1; b) endWe need to determine Q: ie what to assign to A and p so that QSORT is a re�nement of SORT.Sin
e SORT(a; b) is a re�nement of PERM(a; b), the same must be true of QSORT. Thus theassignment involving Q, followed by two re�nements of PERM is also a re�nement of PERM . Thismeans that this assignment must also be a re�nement of PERM 0 (a modi�
ation of PERM whi
halso assigns to p), so we 
an join PERM 0(a; b) to the �rst 
omponent of QSORT thus:QSORT(a; b) =begin p :join PERM 0(a; b)t hA[a : : b℄; pi := hA0[a : : b℄; p0i:Q nioj;SORT(a; p� 1); SORT(p+ 1; b) endwherePERM 0(a; b) =DF hA[a : : b℄; pi := hA0[a : : b℄; p0i:perm(A[a : : b℄; A0[a : : b℄)Turning to the other 
omponent of SORT we note that A 
an only �nish sorted if after the joinin QSORT we have: A[a : : p � 1℄ 6 A[p℄ 6 A[p + 1 : : b℄ (this relation is invariant over the innerSORTs so it must hold after the join statement). Thus we arrive at the following de�nition ofQSORT:
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QSORT(a; b) =begin p :join hA[a : : b℄; pi := hA0[a : : b℄; pi:perm(A[a : : b℄; A0[a : : b℄)t hA[a : : b℄; pi := hA0[a : : b℄; pi:(A0[a : : p0 � 1℄ 6 A0[p0℄ 6 A0[p0 + 1 : : b℄) nioj;SORT(a; p� 1); SORT(p+ 1; b) endTo formally verify that this is a 
orre
t re�nement of SORT:� Prove that it re�nes PERM(a; b). This follows be
ause SORT re�nes PERM and a sequen
eof PERM statements is equivalent to one PERM ;� Prove that it re�nes SORTED(a; b) This follows be
ause:1. The join establishes A[a : : p� 1℄ 6 A[p℄ 6 A[p+ 1 : : b℄;2. This relation is preserved by SORT(a; p� 1) and SORT(p+1; b) sin
e it is preserved byPERM(a; p� 1) and PERM(p+ 1; b) (whi
h are de�ned in the obvious way);3. SORT(a; p� 1) establishes sorted(A[a : : p� 1℄) andSORT(p+ 1; b) establishes sorted(A[p+ 1 : : b℄);these three relations together establish sorted(A[a; b℄);Thus QSORT(a; b) re�nes both 
omponents of SORT(a; b) and therefore by Theorem 3 it is are�nement of SORT(a; b) itself.At the moment QSORT is still de�ned in terms of SORT. However, if we take out the 
asea > b (when the array is already sorted) we 
an use the theorem on re
ursive implementation ofspe
i�
ations (Theorem 2) to automati
ally derive a re
ursive version:pro
 QSORT(a; b) �if b > athen begin p :join hA[a : : b℄; pi := hA0[a : : b℄; p0i:perm(A[a : : b℄; A0[a : : b℄)t hA[a : : b℄; pi=hi:a 6 p 6 b ^ (A[a : : p� 1℄ 6 A[p℄ 6 A[p+ 1 : : b℄) nioj;QSORT(a; p� 1); QSORT(p+ 1; b) end �.This program is 
loser to an implementation, but still 
ontains a join 
onstru
t to whi
h wenow turn our attention. The e�e
t of this 
onstru
t is to permute A and assign some value to p sothat the relation A[a : : p� 1℄ 6 A[p℄ 6 A[p+ 1 : : b℄ is satis�ed.We will implement this using a loop: for the loop invariant we weaken the 
ondition by in-trodu
ing two variables i; j to repla
e p. (This te
hnique of �weakening the required 
ondition� isdis
ussed by Gries in [2℄). We arbitrarily 
hoose the element A[b℄ to be the element whi
h ends upin A[p℄. Our loop invariant is: A[a : : i� 1℄ 6 A[b℄ 6 A[j + 1 : : b℄ The terminating 
ondition will bei > j. On termination we 
an swap A[j + 1℄ and A[b℄ and set p := j + 1 and our required relationwill be satis�ed. The invariant is easily initialised with the assignments i := a; j := b� 1. We havethe following loop:begin i := a; j := b� 1 :while i 6 j dofA[a : : i℄ 6 A[b℄ 6 A[j : : b℄g;hA[a : : b℄; i; ji := hA0[a : : b℄; i0; j0i:perm(A[a : : b℄; A0[a : : b℄) ^ (i0 > i _ j0 < j) ^ (A[a : : i0 � 1℄ 6 A[b℄ 6 A[j0 + 1 : : b℄) od;hA[j + 1℄; A[b℄i := hA[p℄; A[j + 1℄i; p := j endTo prove that this 
orre
tly re�nes the join above we 
an use the theorem on termination ofre
ursion (Theorem 1) to prove that the while loop terminates (�rst using the de�nitional trans-formation of while to express it as a suitable tail re
ursion). The term max(j � i;�1) is re-du
ed at ea
h exe
ution of the body and always > �1 and the body of the loop must terminate.The invariant plus termination 
ondition together prove that the loop establishes A[a : : p � 1℄ 6A[p℄ 6 A[p + 1 : : b℄. Finally, note that the body of the loop is a re�nement of: hA[a : : b℄; i; ji :=hA0[a : : b℄; i0; j0i:perm(A[a : : b℄; A0[a : : b℄) ^ (i0 > i _ j0 < j) and a loop with this body is a re�ne-ment of PERM . So by Theorem 3 this is a 
orre
t re�nement of the join.3



Finally, to re�ne the atomi
 des
ription we 
onsider the 
ases A[i+ 1℄ 6 A[b℄, A[j � 1℄ > A[b℄.In these 
ases we 
an in
rement i or de
rement j as appropriate. For the 
ase A[i + 1℄ > A[b℄,A[j � 1℄ 6 A[b℄ we 
an swap A[i+ 1℄ and A[j � 1℄ and in
rement i and de
rement j. This leads tothe following exe
utable implementation of qui
ksort:pro
 QSORT(a; b) �if b > athen begin p :begin i := a� 1; j := b :while i < j � 1 doif A[i+ 1℄ 6 A[b℄ ! i := i+ 1ut A[j � 1℄ > A[b℄ ! j := j � 1ut A[i+ 1℄ > A[b℄ ^ A[j � 1℄ 6 A[b℄ ! i := i+ 1; j := j � 1;hA[i℄; A[j℄i := hA[j℄; A[i℄i � od;hA[j℄; A[b℄i := hA[p℄; A[j℄i; p := j endQSORT(a; p� 1); QSORT(p+ 1; b) end �.This algorithm, although proven 
orre
t, does have some �aws as far as e�
ien
y is 
on
erned.The algorithm degenerates to O(n2) in the 
ase of an already sorted array. It also does many moretests in the inner loop than ne
essary. To ensure the best e�
ien
y it is ne
essary to try to split thearray into roughly equal-sized 
omponents at ea
h step. Sedgewi
k [4℄ suggests using the medianof three elements taken from the array as the pivot. The elements being the �rst, last and middleelements in the array. Naturally, this is only sensible when there are at least three elements in thearray. With this 
hoi
e the re
ursive program looks like this:pro
 QSORT(a; b) �if b� a < 4then fb� a < 4g; SORT(a; b)else begin p :p := b(a+ b)=2
;if A[a℄ > A[p℄ then hA[a℄; A[p℄i := hA[p℄; A[a℄i �;if A[a℄ > A[b℄ then hA[a℄; A[b℄i := hA[b℄; A[a℄i �;if A[p℄ > A[b℄ then hA[p℄; A[b℄i := hA[b℄; A[p℄i �;hA[p℄; A[b � 1℄i := hA[b� 1℄; A[p℄i;fA[a℄ 6 A[b� 1℄ 6 A[b℄g;join hA[a+ 1 : : b� 2℄; pi := hA0[a+ 1 : : b� 2℄; p0i:perm(A[a+ 1 : : b� 2℄; A0[a+ 1 : : b� 2℄)t hA[a : : b℄; pi=hi:a+ 1 6 p 6 b� 2 ^ (A[a : : p℄ 6 A[b� 1℄ 6 A[p+ 1 : : b℄) nioj;hA[p℄; A[b � 1℄i := hA[b� 1℄; A[p℄i;QSORT(a; p� 1); QSORT(p+ 1; b) end �.The proof that this re�nes SORT is straightforward. For the implementation of the join we repla
etwo o

urren
es of p by new variables i and j and introdu
e a loop with the invariant: A[a : : i�1℄ 6A[b� 1℄ 6 A[j + 1 : : b℄. We 
an initialise the invariant with the assignments i := a; j := b� 1. Weget the following loop whi
h implements the join statement above:fA[a℄ 6 A[b� 1℄ 6 A[b℄g; begin i := a+ 1; j := b� 2 :while i 6 j doif A[i℄ 6 A[b� 1℄ ! i := i+ 1ut A[j℄ > A[b� 1℄ ! j := j � 1ut A[i℄ > A[b� 1℄ ^ A[j℄ 6 A[b� 1℄! hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 � od;p := j + 1 endThe next stage is to use program transformations to turn this into an e�
ient algorithm. Firstwe resolve the nondetermina
y in the if statement in su
h a way that the third arm is 
hosen in
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preferen
e to the others (this ensures that the subarrays are more equal in size when there are manyequal elements):fA[a℄ 6 A[b� 1℄ 6 A[b℄g; begin i := a+ 1; j := b� 2 :fA[i℄ 6 A[b� 1℄ 6 A[j℄g;while i 6 j doif A[i℄ < A[b� 1℄ then i := i+ 1elsif A[j℄ > A[b� 1℄ then j := j � 1else hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 � od;p := j + 1 endNext we do an �entire loop unroll� whi
h 
opies the loop into one terminal position:begin i := a+ 1; j := b� 2 :fA[i℄ 6 A[b� 1℄ 6 A[j℄g;while i 6 j doif A[i℄ < A[b� 1℄ then i := i+ 1;while i 6 j ^ A[i℄ < A[b� 1℄ do i := i+ 1 odelsif A[j℄ > A[b� 1℄ then j := j � 1else hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 � od;p := j + 1 endFor the inner while loop we know that A[i+1℄ < A[b� 1℄) i 6 j be
ause from the loop invariantA[j℄ > A[b � 1℄. So we 
an remove this test from the while. We 
an insert a similar loop in these
ond arm of the if statement to get:begin i := a+ 1; j := b� 2 :fA[i℄ 6 A[b� 1℄ 6 A[j℄g;while i 6 j doif A[i℄ < A[b� 1℄ then i := i+ 1;while A[i℄ < A[b� 1℄ do i := i+ 1 odelsif A[j℄ > A[b� 1℄ then j := j � 1while A[j℄ > A[b� 1℄ do j := j � 1 odelse hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 � od;p := j + 1 endAfter the �rst inner while loop we have A[i℄ > A[b � 1℄. If we sele
tively unroll the body of theloop with the extra test A[j℄ > A[b� 1℄ then we 
an prune it as follows:begin i := a+ 1; j := b� 2 :fA[i℄ 6 A[b� 1℄ 6 A[j℄g;while i 6 j doif A[i℄ < A[b� 1℄then i := i+ 1;while A[i℄ < A[b� 1℄ do i := i+ 1 od;if A[j℄ > A[b� 1℄ then j := j � 1while A[j℄ > A[b� 1℄ do j := j � 1 od �else hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 �elsif A[j℄ > A[b� 1℄then j := j � 1while A[j℄ > A[b� 1℄ do j := j � 1 odelse hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 � od;p := j + 1 endAt the point � we have A[i℄ > A[b� 1℄ and A[j℄ 6 A[b� 1℄ so if we unroll here the body redu
es toif i 6 j then hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 �. With some simple manipulation,the body of the �rst if 
lause be
omes:
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while A[i℄ < A[b� 1℄ do i := i+ 1 od;while A[j℄ > A[b� 1℄ do j := j � 1 od;if i 6 j then hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 �We 
an similarly express the se
ond if 
lause as:while A[j℄ > A[b� 1℄ do j := j � 1 od;if i 6 j then hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 �and insert while A[i℄ < A[b � 1℄ do i := i+ 1 od at the beginning. We 
an do the same with thethird if 
lause (insert two redundant while loops and a redundant test). With these additions thewhole if test is redundant so the loop 
an be simpli�ed to:begin i := a+ 1; j := b� 2 :fA[i℄ 6 A[b� 1℄ 6 A[j℄g;while i 6 j dowhile A[i℄ < A[b� 1℄ do i := i+ 1 od;while A[j℄ > A[b� 1℄ do j := j � 1 od;if i 6 j then hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 � od;p := j + 1 endRe-write the loops as do : : : od loops:begin i := a+ 1; j := b� 2 :fA[i℄ 6 A[b� 1℄ 6 A[j℄g;do if i > j then exit �;while A[i℄ < A[b� 1℄ do i := i+ 1 od;while A[j℄ > A[b� 1℄ do j := j � 1 od;if i > j then exit �;hA[i℄; A[j℄i := hA[j℄; A[i℄i; i := i+ 1; j := j � 1 od;p := j + 1 endNow the 
ondition i 6 j is true initially and true at the end of the loop body, so the �rst test forexit 
an be removed. The statements i := i+ 1; j := j � 1 
an be moved to the beginning of theloop by initialising to i := a; j := b� 1. These 
an be absorbed into the inner while loops by �loopinversion�:begin i := a; j := b� 1 :fA[i℄ 6 A[b� 1℄ 6 A[j℄g;do do i := i+ 1;if A[i℄ > A[b� 1℄ then exit � od;do j := j � 1;if A[j℄ 6 A[b� 1℄ then exit � od;if i > j then exit �;hA[i℄; A[j℄i := hA[j℄; A[i℄i od;p := j + 1 endHere we have repla
ed while loops by loops with multiple exits, the de�nitional transformationsfor these 
onstru
ts are given in [6℄, their use is argued by Bo
hmann [1℄ and Taylor [5℄ amongothers.This is a highly optimised version; the inner loops basi
ally do a single test and in
rement.However, a simple insertion sort is still more e�
ient for �small� partitions. We 
an get the best ofboth worlds by using qui
ksort on the large partitions and ignoring small partitions. This resultsin a �le whi
h is �nearly sorted� and whi
h 
an be sorted e�
iently in linear time using insertionsort. To develop this algorithm repla
e the original SORT spe
i�
ation by the following NSORT(nearly sort):NSORT(a; b) =DF join hA[a : : b℄i=hi:nsorted(A[a : : b℄) t PERM(a; b) nioj
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where nsorted(A[a : : b℄) =DF 8a 6 i <= b:A[a : : i� k℄ 6 A[i℄ 6 A[i+ k : : b℄where k is the size of the partitions to ignore (with k = 1, NSORT is equivalent to SORT). With thisspe
i�
ation, for b�a+1 < k, NSORT is re�ned by skip. This leads to the following nearly-sortingalgorithm:pro
 NQSORT(a; b) �if b� a+ 1 < kthen skipelse begin p :p := b(a+ b)=2
;if A[a℄ > A[p℄ then hA[a℄; A[p℄i := hA[p℄; A[a℄i �;if A[a℄ > A[b℄ then hA[a℄; A[b℄i := hA[b℄; A[a℄i �;if A[p℄ > A[b℄ then hA[p℄; A[b℄i := hA[b℄; A[p℄i �;hA[p℄; A[b � 1℄i := hA[b� 1℄; A[p℄i;begin i := a; j := b� 1 :fA[i℄ 6 A[b� 1℄ 6 A[j℄g;do do i := i+ 1;if A[i℄ > A[b� 1℄ then exit � od;do j := j � 1;if A[j℄ 6 A[b� 1℄ then exit � od;if i > j then exit �;hA[i℄; A[j℄i := hA[j℄; A[i℄i od;p := j + 1 endhA[p℄; A[b � 1℄i := hA[b� 1℄; A[p℄i;NQSORT(a; p� 1); NQSORT(p+ 1; b) end �.Removing the re
ursion and introdu
ing a sta
k AS to implement the parameters a and b we getthe following algorithm:pro
 QSORT(a; b) � begin i; j; v;AS :AS := hi;do if b� a+ 1 > kthen j := b(a+ b)=2
;if A[a℄ > A[j℄ then hA[a℄; A[j℄i := hA[j℄; A[a℄i �;if A[a℄ > A[b℄ then hA[a℄; A[b℄i := hA[b℄; A[a℄i �;if A[j℄ > A[b℄ then hA[j℄; A[b℄i := hA[b℄; A[j℄i �;hA[j℄; A[b � 1℄i := hA[b� 1℄; A[j℄i;i := a; j := b� 1; v := A[b� 1℄;do do i := i+ 1;if A[i℄ > j then exit � od;do j := j � 1;if A[j℄ 6 j then exit � od;if i > j then exit �;hA[i℄; A[j℄i := hA[j℄; A[i℄i od;A[b� 1℄ := A[j + 1℄; A[j + 1℄ := v;if j � a > b� j � 2then AS  a; AS  j; a := j + 2else AS  j + 2; AS  b; b := j �else if AS = hi then exitelse b AS; a AS � � od;for i := a+ 1 to b step 1 dov := a[i℄; j := i; 7



while A[j � 1℄ > v doA[j℄ := A[j � 1℄; j := j � 1 od;A[j℄ := v od end:Here, the �rst loop uses nearly-qui
ksort to get A sorted to within k (a parameter to be empiri
allydetermined), then the for loop �nishes the job using insertion sort.
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